ALGEBRAIC GEOMETRY 2, SS 2019.
LECTURE COURSE NOTES.

ULRICH GORTZ

INTRODUCTION

This lecture course is a continuation of the course Algebraic Geometry 1
which covered the definition of schemes, and some basic notions about
schemes and scheme morphisms: Reduced and integral schemes, immersions
and subschemes, the functorial point of view, fiber products of schemes, sep-
arated and proper morphisms.

The main object of study of this term’s course will be the notion of x-
module, a natural analogue of the notion of module over a ring in the context
of sheaves of rings. As we will see, the &x-modules on a scheme X contain
a lot of information about the geometry of this scheme, and we will study
them using a variety of methods. In the second part, we will introduce
the notion of cohomology groups, a powerful algebraic tool that makes its
appearance in many areas of algebra and geometry.

These notes are not complete lecture notes (most proofs are omitted in the
notes), but should rather be thought of as a rough summary of the content
of the course.

1. Ox-MODULES )
April 8,
General references: [GW] Ch. 7, [H] IL5. 2019

Definition and basic properties.

(1.1) Definition of ¢x-modules.

Definition 1.1. Let (X, Ox) be a ringed space. An Ox-module is a sheaf
Z of abelian groups on X together with maps

Ox(U)x Z(U)— Z(U) for each openU C X
1
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giving each F (U) the structure of an Ox(U)-module, and which are com-
patible with the restriction maps for open subsets U' C U C X.

An Ox-module homomorphism % — 9 between Ox-modules %, 94 on X
is a sheaf morphism % — & such that for all open subsets U C X, the map
F(U) = 94(U) is a homomorphism of Ox(U)-modules. We denote the set
of Ox-module homomorphisms from F to ¢ by Homg, (% ,9); this is an
Ox(X)-module (and in particular an abelian group).

We obtain the category (0x-Mod) of Ox-modules.

Remark 1.2. If % is an Ox-module and r € X, then the stalk .7,
carries a natural Ox z-module structure. The r(z)-vector space .F(z) :=
Fz Doy, k(z) is called the fiber of F over z.

Constructions, examples 1.3. Let X be a ringed space, % an Ox-

module.

(1) ﬁX?

(2) submodules and quotients,

(3) @, [[, ®, (filtered) inductive limits,

(4) kernels, cokernels, image, exactness; these are compatible with passing
to the stalks,

(5) restriction to open subsets: Fx 7, U C X open,

(6) Hom, —,

The category of Ox-modules is an abelian category.

Definition 1.4. Let .# be an Ox-module on the ringed space X. We call
F
(a) free, if it is isomorphic to @,c; Ox for some set I,
(b) locally free, if there exists an open covering X = Uj U; of X such that
ﬂ]Uj is a free Oy;-module for each j.

The rank of a free Ox-module is the cardinality of I as above (we usually
regard it in ZU{oo}, without making a distinction between infinite cardinals).
The rank of a locally free Ox-module is a function X — Z U {oco} which is
locally constant on X (i.e., on each connected component of X, there is an
integer giving the rank).

An invertible sheaf or line bundle on X is a locally free sheaf of rank 1.

For . invertible, there is a natural isomorphism .¥ ®g, £V = Ox
(whence the name), cf. Problem 1. Hence ® induces a group structure
on the set of isomorphism classes of invertible sheaves in X. The resulting
group is called the Picard group of X and denoted by Pic(X).

(1.2) Inverse image.
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Definition 1.5. Let f: X — Y be a morphism of ringed spaces, and let F
be an Ox-module. Then fo.F carries a natural Oy -module structure and is
called the direct image or push-forward of .F under f.

Definition 1.6. Let f: X — Y be a morphism of ringed spaces, F an
Oy -module.
We define
T =17 @4, Ox.

For x € X, we have (f*F), = F;) Qoy 4,y Ox-
We obtain functors f,, f* between the categories of O'x-modules and Oy -
modules.

Proposition 1.7. Let f: X — Y be a morphism of ringed spaces. The
functors fi is right adjoint to the functor f*:

Homg, (f*Y, #) = Homg, (Y, f«.F)
for all Ox-modules %, all Oy -modules 4, functorially in F and 4.

Quasi-coherent Ox-modules.

(1.3) The Ospec sA-module attached to an A-module M.

Definition 1.8. Let A be a ring and M an A-module. Then setting
D(f) = My, [fe€A,

is well-defined and defines a sheaf on the basis of principal open sets in
Spec A. We denote the corresponding sheaf on Spec A by M. It is an
Ospec A-module (by viewing each My as an Ag-module in the natural way).

Remark 1.9. For an affine scheme X, in general not every &x-module
has the above form. We will investigate this more closely soon.

Proposition 1.10. Let A be a ring, and let M, N be A-modules. Then
the maps

Homy (M, N) — Homgy, , (M, N)
given by N
o= fi=(pf: Mf—>Nf)f
and, in the other direction,
® — I'(Spec A, @),

are inverse to each other. In other words, - is a fully faithful functor from
the category of A-modules to the category of Ospec A-modules.

By applying the proposition to M = A, we also see that for an A-module
N, N is zero if and only if N is zero.

April 10,
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The construction M s M is compatible with exactness, kernels, cokernels,
images, direct sums, filtered inductive limits. (Cf. [GW] Prop. 7.14 for a
more precise statement.)

(1.4) Quasi-coherent modules.

Definition 1.11. Let X be a ringed space. An Ox-module F is called
quasi-coherent, if every x € X has an open neighborhood U such that there
exists an exact sequence

ﬁ[(j]) — 6"((]]) - Fuy =0
for suitable (possibly infinite) index sets I, J.

For a morphism f: X — Y of ringed spaces and a quasi-coherent Oy-
module ¢, the pull-back f*% is a quasi-coherent &x-module (since f~! is
exact and tensor product is a right exact functor). The direct image f.
preserves the property of quasi-coherence (only) under certain conditions.

Locally free Ox-modules are quasi-coherent.

Clearly, for a ring A and an A-module M, M is a quasi-coherent Ogspec a-
module. We will see below that the converse is true as well:

For a ringed space X and f € I'(X, Ox), we write Xy :={z € X; f, €
o )X(m}, an open subset of X. We obtain a homomorphism

L(X, 7); = T'(Xy,.7)
for every 0x-module .#.

Theorem 1.12. Let X be a scheme and % an Ox-module. The following

are equivalent:

(i) For every affine open Spec A = U C X, there exists an A-module M
such that F;; = M.

(ii) There ezists a covering X = |J;U; by affine open subschemes U; =
Spec A; and A;-modules M; such that F |y, = ]\//_\I:z for all i.

(iii) The Ox-module F is quasi-coherent.

(iv) For every affine open Spec A = U C X and every f € A, the homo-
morphism T'(U, ), — D(D(f), F) is an isomorphism.

Corollary 1.13. Let A be a ring, X = Spec A. The functor ™~ induces an
exact equivalence between the categories of A-modules and of quasi-coherent
O x -modules.

Corollary 1.14. Let X be a scheme.

(1) Kernels, cokernels, images of Ox-module homomorphisms between quasi-
coherent Ox-modules are quasi-coherent.

(2) Direct sums of quasi-coherent Ox-modules are quasi-coherent.
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(3) Let ., 9 be quasi-coherent Ox-module. Then F ®¢g, 9 is quasi-
coherent, and for every affine open U C X we have

(U, Z®%) =T, Z)20(U,9).

In particular, by (1) and (2) the category of quasi-coherent Ox-module is
an abelian category, and the inclusion functor into the category of all Ox-
modules preserves kernels and cokernels and direct sums.

(1.5) Direct and inverse image of quasi-coherent x-module.

Proposition 1.15. Let X = Spec B, Y = Spec A be affine schemes, and

let f: X =Y be a scheme morphism.

(1) Let N be an B-module, then f.(N) = A[Z} where Ny is N, considered
as an A-module via T'(f): A — B.

(2) Let M be an A-module, then f*(M) = MEB.

(1.6) Finiteness conditions.

Definition 1.16. We say that an Ox-module % is of finite type (or of
finite presentation, resp.), if every x € X has an open neighborhood U C X
such that there exists n > 0 (or m,n >0, resp.) and a short exact sequence

0% —F —0
(or
oy — 0% — F — 0,
resp. ).

On an affine scheme, this coincides with the corresponding definitions in
terms of modules (via M — M). Note that every &x-module of finite pre-
sentation is quasi-coherent. On a noetherian scheme, every quasi-coherent
O'x-module of finite type is of finite presentation.

Proposition 1.17. Let X be a ringed space and let F be an Ox-module of

finite presentation.

(1) For all x € X and for each Ox-module 4, the canonical homomorphism
of Ox ,-modules

Homp (F,9), — Homﬁxym(ﬂm,%x)
1s bijective.
(2) Let F and 9 be Ox-modules of finite presentation. Let xz € X be a point

and let 0: F, = 9, be an isomorphism of Ox z-modules. Then there

ezists an open neighborhood U of x and an isomorphism u: 7 u = Y\
of Oy-modules with u, = 0.
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Proof. Problem 2. ([

Proposition 1.18. Let X be a ringed space, and let F be an Ox-module
of finite type. Then the support

Supp(#) = {z € X; F, # 0}
of F is a closed subset of X.

Proof. Problem 6. O

(1.7) Closed subschemes and quasi-coherent ideal sheaves.

Proposition 1.19. Let X be a scheme. An ideal sheaf & C Ox defines a
closed subscheme if and only if 7 is a quasi-coherent Ox-module.

We hence obtain an inclusion-reversing bijection between the set of closed
subschemes of a scheme X and the set of quasi-coherent ideal sheaves in
O'x , mapping

e a quasi-coherent ideal sheaf .# to Z := (Supp(Ox/.%),i " H(Ox /7)),
where i: Supp(Ox/.#) — X denotes the inclusion,

e a closed subscheme Z C X to Ker(0x — i.07), where i: Z — X
denotes the inclusion morphism.

We denote the closed subscheme corresponding to a quasi-coherent ideal
sheaf . by V(.2).

(1.8) Locally free sheaves on affine schemes.

There is an obvious “commutative algebra way” of writing down, for an
A-module M, the condition that M is locally free.

Theorem 1.20. Let A be a ring and M an A-module. Consider the

following properties of M :

(i) M is a locally free Ogpec A-module.

(ii) M is locally free, i.e., there exist f1,..., fn € A generating the unit ideal
such that for all i, the Ay,-module My, is free.

(iii) For all p € Spec A, the Ap-module M, is free.

(iv) The A-module M is flat.

(1) We have the implications (i) < (ii) = (iii) = (iv).

(2) If M is an A-module of finite presentation, then all the three properties
are equivalent.

Proof. Part (1) is easy. Part (2) is more difficult. The implication (iv) =
(iii) follows from Prop. See [GW] Prop. 7.40. O

There is an obvious analogous theorem for O'x-module on a scheme X,
where we define
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Definition 1.21. Let X be a scheme. An Ox-module % is called flat, if
for all x € X the stalk #, is a flat Ox z-module.

More generally, given an Ox-module F and a morphism f: X — Y we
say that F is f-flat or flat over Y, if for all x € X the stalk %, is a flat
Oy, f(z)-module (via fﬁ: Oy @) = Oxz)-

If A is a domain, then every flat A-module M is torsion-free (i.e., multi-
plication by s is injective for all s € A\ {0}). The converse holds only rarely;
it does hold if A is a principal ideal domain and M is finitely generated.

Remark 1.22.

(1) Let A be a principal ideal domain. Then every finitely generated locally
free (in the sense of condition (i’) in the theorem) A-module is free. (Use
the structure theorem for finitely generated modules over principal ideal
domains.)

(2) Tt is a difficult theorem (conjectured by Serre, proved independently by
Quillen and Suslin) that every locally free sheaf of finite type on A}, k
a field, is free. The same statement holds even for k a discrete valuation
ring.

(3) It will not be relevant in the course, but to complete the picture (and
since I did not remember the correct statement during the lecture ... ),
let us remark that one can show that in the previous two items the
hypothesis of finite type can be omitted. In fact, whenever R is a ring
which is noetherian and such that Spec R is connected, then every locally
free R-module which is not finitely generated is free. One way to show
this to combine the paper [Ba] by H. Bass with the difficult theorem
that the property of a module of being “projective” can be checked
Zariski-locally on Spec A ([Stacks] 058B), which shows that all locally
free R-modules, finitely generated or not, are projective. Maybe there
is also a more direct way, without talking about projective modules?

(4) Let A be a noetherian unique factorization domain. Then every invert-
ible sheaf on Spec A is free.

(5) See the answers to this question (mathoverflow.net/q/54356)) for ex-
amples of non-free locally free modules over Spec A for factorial (and
even, in addition, regular) noetherian rings A.

(6) Let A be a domain, and let M be a locally free A-module of rank 1.
Then M is isomorphic to a fractional ideal, i.e., to a finitely generated
sub-A-module of K := Frac(A). (Cf. Problem 8 for a converse statement
in the case that A is a Dedekind domain.)

2. LINE BUNDLES AND DIVISORS

General references: [GW] Ch. 11, in particular (11.9), (11.13); [H] IL.6.

A divisor on a scheme X should be thought of an object that encodes a
“configuration of zeros and poles (with multiplicities)” that a function on X
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could have. Below, we will see two ways to make this precise and compare
them.

Let X be an integral (i.e., reduced and irreducible) scheme. We denote
by K(X) the field of rational functions of X.

Later we will impose the additional condition that X is noetherian and
that all local rings Ox , are unique factorization domains.

An important example that is good to keep in mind is the case of a
Dedekind scheme of dimension 1, i.e., X is a noetherian integral scheme
such that all points except for the generic point are closed, and such that
for every closed point x € X the local ring Ox , is a principal ideal domain
(in other words: all local rings are discrete valuation rings), and the generic
point is not closed itself. If a Dedekind scheme X is a k-scheme of finite
type for some algebraically closed (or at least perfect) field k, then we call
X a smooth algebraic curve over k.

Cartier divisors.
(2.1) Cartier divisors: Definition.

Denote by K(X) = Ox, the field of rational functions on the integral
scheme X, where n € X is the generic point. We denote by J#x the constant
sheaf with value K(X), i.e., #x(U) = K(X) for all ) # U C X open. Since
X is irreducible, this is a sheaf.

The notion of Cartier divisor encodes a zero/pole configuration by specify-
ing, locally on X, functions with the desired zeros and poles. Since functions
which are units in I'(U, Ox ) should be regarded as having no zeros and/or
poles on U, we consider functions only up to units.

Definition 2.1. A Cartier divisor on X is given by a tuple (U, f;);, where
X =, Ui is an open cover, f; € K(X)*, and f;/f; e T(U; N Uy, Ox)* for
all i,j. Two such tuples (U, fi)i, (Vj,9;); give rise to the same divisor, if
fig; ' € T(WUNVj, Ox)* for all i, j.

With addition given by
(Us, fi)i + (V},95)5 = Ui N V5, figj)ig
the set Div(X) of all Cartier divisors on X is an abelian group.

Definition 2.2. A Cartier divisor of the form (X, f), f € K(X)*, is called
a principal divisor. Divisors D, D' on X are called linearly equivalent, if
D — D' is a principal divisor. The set of principal divisors is a subgroup of
Div(X) and the quotient DivCl(X) of Div(X) by this subgroup is called the
divisor class group oX.
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(2.2) The line bundle attached to a Cartier divisor.

Let D be a Cartier divisor on X. We define an invertible &'x-module
Ox (D) as follows:

F(U, ﬁx(D)) = {f S K(X),\V/Z cfif € F(UﬂUi, ﬁx)} for # U C X open.

For each i, we have Ox (D)|y, f 0y, © Hx, so multiplication by f; gives
an Oy,-module isomorphism Ox (D)y, = Oy, .

Proposition 2.3.  The map D — Op(X) induces group isomorphisms
Div(X) = {&Z C #x invertible Ox-module} and DivCl(X) = Pic(X).

To get a more geometric view on divisors, a first step is the following def-
inition of the support of a divisor. We will carry this further by introducing
the notion of Weil divisor, see below, and relating it to Cartier divisors.

Definition 2.4. The support of a Cartier divisor D is
Supp(D) = {7 € X; fi € K(X)*\ Ox, (wherer € Uy)},
a proper closed subset of X .

Weil divisors.

Now let X be a noetherian integral scheme such that all local rings Ox
are factorial.

(2.3) Definition of Weil divisors.

Let Z'(X) denote the free abelian group on maximal proper integral sub-
schemes of X (equivalently: those integral subschemes Z C X such that
for the generic point 7z € Z we have dim Ox ,, = 1). We say that Z has
codimension 1. We also write Ox 7 := Ox .

By our assumptions on X, all the rings 0x 7 are discrete valuation rings.
(Since they are noetherian domains of dimension 1 by assumption, it is
equivalent to require that they are integrally closed, or factorial, or that
they are regular.) We denote by vz: K(X)* — Z the corresponding discrete
valuation on K, and set vz(0) = oo.

Definition 2.5. An element of Z'(X) is called a Weil divisor. We write
Weil divisors as finite “formal sums” > nz[Z] where Z C X runs through
the integral closed subschemes of X of codimension 1.

For f € K(X)*, we define the divisor attached to f as
div(f) = > _vz(f)[Z]
Z

April 24,
2019
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Note that the sum is finite, i.e., vz(f) = 0 for all but finitely many Z. Weil
divisors of this form are called principal Weil divisors. Two Weil divisors
are called linearly equivalent, if their difference is a principal divisor.

(2.4) Weil divisors vs. Cartier divisors.

Generalizing the definition of principal divisors, we can construct a group
homomorphism cyc: Div(X) — Z1(X) as follows:

D = (Uz,fz> — ZUZ<fiz)[Z]7

where for each Z we choose an index iz so that U;, contains the generic
point of Z (equivalently: U;, N Z # 0).

Proposition 2.6. The map cyc is a group isomorphism Div(X) = Z1(X).
Under this isomorphism, the subgroups of principal divisors on each side

~

correspond to each other, whence it induces an isomorphism DivCl(X) =

CI(X) = Pic(X).

(2.5) The theorem of Riemann and Roch.

No proofs were given in the lecture for the following results.
Reference: [H] IV.1.

Now let X a Dedekind scheme which is a scheme of finite type over an
algebraically closed field k. In addition we assume that there exist n > 1
and a closed immersion X < [P.

For a (Weil) divisor D = )", nz[Z] we define the degree deg(D) of D as
deg(D) := ", nz. We obtain a group homomorphism Z!(X) — Z. Under
our assumption that X is a closed subscheme of some projective space, one
can show that this homomorphism factors through Cl(X):

Theorem 2.7. Let f € K(X). Then deg(div(f)) = 0.

We can now state (a simplified version of) the Theorem of Riemann-Roch.
For a divisor D we write (D) = dim I'(X, Ox(D)).

Proposition 2.8. For each D, {(D) is finite. If £(D) > 0, then deg(D) >
0.

Theorem 2.9. (Riemann-Roch) For X as above, there exist g € Z>y and
K € Div(X) such that for every divisor D on X, we have

D) —4(K — D) =deg(D)+1—g.

Corollary 2.10. In the above situation, we have

(1) LK) =g,

(2) deg(K) =29 -2,

(3) for every D with deg(D) > 2g — 2, we have {(D) = deg(D) + 1 —g.
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The number g is called the genus of the curve X. For X as above which
is of the form V (f) C P, there is the following formula for the genus:

Proposition 2.11. Let X as above be of the form Vi(f) C P} for a
homogeneous polynomial f of degree d. Then the genus g of X is given by

(d-1)(d-2)

9= 9

3. SMOOTHNESS AND DIFFERENTIALS

General reference: [GW] Ch. 6.

The Zariski tangent space.

(3.1) Definition of the Zariski tangent space.

Definition 3.1. Let X be a scheme, v € X, m; C Ox , the mazimal ideal
in the local ring at z, k(x) the residue class field of X in x. The r(x)-vector
space (m/m?)" is called the (Zariski) tangent space of X in .

Definition 3.2. Let R be a ring, fi,...,fr € R[T1,...,T,]. We call the
matrix

(9
Tt = (57), € MoealRIE)

the Jacobian matrix of the polynomials f;. Here the partial derivatives are
to be understood in a formal sense.

Remark 3.3.

(1) Ifin the above setting the ideal m is finitely generated, then dim,,) T X
is the minial number of elements needed to generate m and in particular
is finite.

(2) The tangent space construction if functorial in the following sense: Given
a scheme morphism f: X — Y and z € X such that dim,,) 7 X is finite
or [k(z) : k(f(x))] is finite, then we obtain a map

Example 3.4. Let kbeafield, X = V(fi,..., fm) C AL, fi € k[T1,..., T3],
x = (x;); € k™ = A™(k). Then there is a natural identification T, X =
Ker(Jy,,.. f,.(x)), where Jy, . (x) denotes the matrix with entries in x(x) =
k obtained by mapping each entry of Jy, . to k(x), which amounts to
evaluating these polynomials at x.

Proposition 3.5. Let k be a field, X a k-scheme, x € X (k). There is an
identification (functorial in (X, x))

X (k[e]/(e%))z := {f € Homy(Speckle]/(¢?), X); im(f) = {2}} = To.X.

April 29,
2019
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Smooth morphisms.

(3.2) Definition of smooth morphisms.

Definition 3.6. A morphism f: X — Y of schemes is called smooth of
relative dimension d > 0 in « € X, if there exist affine open neighborhoods
UCX ofx andV =SpecR CY of f(x) such that f(U) CV and an open
immersion j' U — Spec R[Th, ..., T,)(f1,-- ., fn—d) Such that the triangle

uv—>r Spec R[T1, ..., Tn](f1y- -+ fr—d)

N

is commutative, and that the Jacobian matriz Jy, . ¢ ,(x) has rank n—d.

We say that f: X — Y is smooth of relative dimension d if f is smooth
of relative dimension d at every point of X. Instead of smooth of relative
dimension 0, we also use the term A@tale.

With notation as above, if f is smooth at z € X, then z as an open
neighborhood such that f is smooth at all points of this open neighborhood.
Clearly, A¢ and PY¢ are smooth of relative dimension n for every scheme
S. (It is harder to give examples of non-smooth schemes directly from the
definition; we will come back to this later.)

(3.3) Dimension of schemes.

Recall from commutative algebra that for a ring R we define the (Krull)
dimension dim R of R as the supremum over all lengths of chains of prime
ideals, or equivalently as the dimension of the topological space Spec R in
the sense of the following definition.

Definition 3.7. Let X be a topological space. We define the dimension of
X as

dim X := sup{¥¢; there exists a chain Zy 2 Z1 2 -+ 2 Zy
of closed irreducible subsets Z; C X }.

We will use this notion of dimension for non-affine schemes, as well. Recall
the following theorem about the dimension of finitely generated algebras over
a field from commutative algebra:

Theorem 3.8. Let k be a field, and let A be a finitely generated k-algebra
which isi a domain. Let m C A be a maximal ideal. Then

dim A = trdegy,(Frac(A)) = dim Ay,.

By passing to an affine cover, we obtain the following corollary:
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Corollary 3.9. Let k be a field, and let X be an integral k-scheme which
is of finite type over k. Denote by K(X) its field of rational functions. Let
U C X be a non-empty open subset, and let x € X be a closed point. Then

dim X = dimU = trdeg, (K (X)) = dim Ox ;.

(3.4) Existence of smooth points.

Let k be a field.

Lemma 3.10. Let X, Y be [inteng]/ k-schemes which are locally of finite
type over k. Let x € X, y €Y, and let p: Oy, — Ox , be an isomorphism
of k-algebras. Then there exist open neighborhoods U of x and V of y and
an isomorphism h: U =V of k-schemes with h = .

Proposition 3.11. Let X be an integral k-scheme of finite type. Assume
that K(X) = k(Ty,...,Ty)[a] with « separable algebraic over k(Ty,...,Ty).
(This is always possible if k is perfect.) (Then dim X = d by the above.)

Then there exists a dense open subset U C X and a separable irreducible
polynomial g € k(T1,...,Ty)[T] with coefficients in k[T, ..., T4, such that
U is isomorphic to a dense open subset of Speck[T1,...Tq]/(g).

Theorem 3.12. Let k be a perfect field, and let X be a nonempty reduced
k-scheme locally of finite type over k. Then the smooth locus

Xem = {z € X; X — Speck is smooth inx}

of X is open and dense.

(3.5) Regular rings.

For references to the literature, see [GW] App. B, in particular B.73, B.74,
B.75

Definition 3.13. A noetherian local ring A with mazximal ideal m and
residue class field  is called regular, if dim A = dim, m/m?.

One can show that the inequality dim A < dim,m/m? always holds.
Therefore we can rephrase the definition as saying that A is regular if m
has a generating system consisting of dim A elements.

Definition 3.14. A noetherian ring A is called regular, if An is reqular
for every maximal ideal m C A.

We quote the following (mostly non-trivial) results about regular rings:

IThe statement is true in general, but in the lecture we proved it only with the addi-
tional assumption that X and Y are integral.

May 8,
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Theorem 3.15.

(1) Ewvery localization of a regular ring is reqular.

(2) If A is regular, then the polynomial ring A[T] is regular.

(3) (Theorem of Auslander—Buchsbaum) Every regular local ring is factorial.

(4) Let A be a regular local ring with mazimal ideal m and of dimension d,
and let f1,..., fr € m. Then A/(f1,..., fr) is reqular of dimension d—r
if and only if the images of the f; in m/m? are linearly independent over

A/m.

(3.6) Smoothness and regularity.

Let k be a field.

Lemma 3.16. Let X be a k-scheme locally of finite type. Let x € X
such that X — Speck is smooth of relative dimension d in x. Then Ox , is
reqular of dimension < d. If moreover x is closed, then Ox . is reqular of
dimension d.

Lemma 3.17. Let X = V(g1,...,9:s) € A}, and let x € X be a closed
point. If tkJg, g (x) > n — dimOx,, then x is smooth in X/k, and
tk Jg,, . .g.(x) =n—dim Ox 5.

Theorem 3.18. Let X be a k-scheme locally of finite type, x € X a closed

point, d > 0. Fix an algebraically closed extension field K of k and write

X = X ®; K. The following are equivalent:

(i) The morphism X — Speck is smooth of relative dimension d at x.

(ii) For all points T € Xk lying over x, Xk is smooth over K of relative
dimension d at T.

(iii) There exists a point T € Xg lying over x, such that Xx is smooth over
K of relative dimension d at T.

(iv) For all points T € Xk lying over x, the local ring Ox, z is reqular of
dimension d.

(v) There ezists a point T € Xg lying over x, such that the local ring Ox,. z
is regular of dimension d.

If these conditions hold, then the local ring Ox , is reqular of dimension d,

and if k(x) = k, then this last condition is equivalent to the previous ones.

Corollary 3.19. Let X be an irreducible scheme of finite type over k, and
let x € X(k) be a k-valued point. Then X — Speck is smooth at x if and
only if dim X = dim; T, X.

Corollary 3.20. Let X =V (g1,...,9s) € A} and let x € X be a smooth
closed point. Let d = dim Ox . Then Jy, . 4.(x) has rank n —d. In partic-
ular, s > n — d.
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After renumbering the g;, if necessary, there exists an open neighborhood
U of © and an open immersion U C V(g1,...,9n—d), i-e., locally around x,
“X s cut out in affine space by the expected number of equations”.

Corollary 3.21. Let X be locally of finite type over k. The following are

equivalent:

(i) X is smooth over k.

(il) X ®g L is regqular for every field extension L/k.

(iii) There exists an algebraically closed extension field K of k such that
X ® K is reqular.

The sheaf of differentials.

General references: [M2] §25, [Bo] Ch. 8, [H| ILS.

(3.7) Modules of differentials.
Let A be a ring.

Definition 3.22. Let B be an A-algebra, and M o B-module. An A-
derivation from B to M is a homomorphism D: B — M of abelian groups
such that

(a) (Leibniz rule) D(bV') = bD(b') + b/ D(b) for all b,¥ € B,

(b) d(a) =0 for all a € A.

Assuming property (a), property (b) is equivalent to saying that D is a
homomorphism of A-modules. We denote the set of A-derivations B — M
by Der (B, M); it is naturally a B-module.

Definition 3.23. Let B be an A-algebra. We call a B-module Qg4 to-
gether with an A-derivation dg/a: B — Qg4 a module of (relative, K/IDhler)
differentials of B over A if it satisfies the following universal property:
For every B-module M and every A-derivation D: B — M, there exists
a unique B-module homomorphism : Qp 4 — M such that D = odp,4.
In other words, the map Homp(Qp/4, M) — Dera(B, M), ¢ — podp,a
s a bijection.

Lemma 3.24. Let I be a set, B = A[T;,i € I] the polynomial ring. Then
Qp/a = B with dp/a(T;) = ei, the “i-th standard basis vector” is a
module of differentials of B/A.

So we can write Qg4 = Dy Bdp/a(Ti).

Lemma 3.25. Let o: B — B’ be a surjective homomorphism of A-algebras,
and write b = Ker(yp). Assume that a module of differentials (2p/4,dp/)
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for BJA exists. Then

Qp/a/(6Q2p/4 + B'd(b))

together with the derivation dp/ /s induced by dg 4 is a module of differentials
for B'JA.

Corollary 3.26. For every A-algebra B, a module Qp, 4 of differentials
exists. It is unique up to unique isomorphism.

We will see later that for a scheme morphism X — Y, one can construct
an Ox-module 2x/y together with a “derivation” Ox — Qy/y by gluing
sheaves associated to modules of differentials attached to the coordinate
rings of suitable affine open subschemes of X and Y.

Let ¢: A — B be a ring homomorphism. For the next definition, we
will consider the following situation: Let C' be a ring, I C C' an ideal with
I? =0, and let

B—— C/I

(I

A——C
be a commutative diagram (where the right vertical arrow is the canonical
projection). We will consider the question whether for these data, there
exists a homomorphism B — C' (dashed in the following diagram) making
the whole diagram commutative:

B —— C/I

@T N T
N

A——C

Definition 3.27. Let p: A — B be a ring homomorphism.

(1) We say that ¢ is formally unramified, if in every situation as above,
there exists at most one homomorphism B — C making the diagram
commutative.

(2) We say that ¢ is formally smooth, if in every situation as above, there
exists at least one homomorphism B — C' making the diagram commu-
tative.

(3) We say that ¢ is formally A@tale, if in every situation as above, there
erists a unique homomorphism B — C making the diagram commuta-
tive.

Passing to the spectra of these rings, we can interpret the situation in
geometric terms: Spec C/I is a closed subscheme of Spec C' with the same
topological space, so we can view the latter as an “infinitesimal thickening”
of the former. The question becomes the question whether we can extend
the morphism from Spec C'//I to Spec B to a morphism from this thickening.
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Proposition 3.28. Let p: A — B be a ring homomorphism. Then ¢ is
formally unramified if and only if Qg4 = 0.

For an algebraic field extension L/K one can show that K — L is formally
unramified if and only if it is formally smooth if and only if L /K is separable.
Cf. Problem 27 and [M2] §25, §26 (where the discussion is extended to the
general, not necessarily algebraic, case).

Theorem 3.29. Let f: A— B, g: B — C be ring homomorphisms. Then
we obtain a natural sequence of C-modules

Qp/a®@pC — Qc/a — Qcyp — 0

which is exact.
If moreover g is formally smooth, then the sequence

0— QB/A ®Rp C — QC/A — QC/B — 0
is a split short exact sequence.
May 20,

Theorem 3.30. Let f: A — B, g: B — C be ring homomorphisms. 2019

Assume that g is surjective with kernel b. Then we obtain a natural sequence
of C'-modules
b/b%> = Qp/a ®p C — Qoya — 0,
where the homomorphism b/b% — Qp/a@p C is given by v+ dpa(z) ® 1.
If moreover g o f is formally smooth, then the sequence

0—b/b%> = Qp/a®pC — Qo/a — 0

18 a split short exact sequence.

(3.8) The sheaf of differentials of a scheme morphism.

Remark 3.31. Let again B an A-algebra. There is the following alternative
construction of p/4: Let m: B®4 B — B be the multiplication map, and
let I = Ker(m). Then I/I? is a B-module, andd: B — I /I?, b — 1®b—b®1,
is an A-derivation. One shows that (I/I2,d) satisfies the universal property
deﬁning (QB/A)dB/A)‘

We can use a similar definition as we used for ring homomorphisms above
to define the notions of formally unramified, formally smooth and formally
A(©tale morphisms of schemes.

Definition 3.32. Let f: X = Y be a morphism of schemes.

(1) We say that f is formally unramified, if for every ring C, every ideal
I with I? = 0, and every morphism SpecC — Y (which we use to
view Spec C' and SpecC/I as Y -schemes), the composition with the
natural closed embedding Spec C/I — SpecC' yields an injective map
Homy (Spec C, X)) — Homy (Spec C/1, X).
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(2) We say that f is formally smooth, if for every ring C, every ideal I
with I*> = 0, and every morphism SpecC — Y, the composition with
the natural closed embedding Spec C' /I — Spec C' yields a surjective map
Homy (Spec C, X)) — Homy (Spec C/1, X).

(3) We say that f is formally A@tale, if f is formally unramified and
formally smooth.

If f is a morphism of affine schemes, then f has one of the properties of
this definition if and only if the corresponding ring homomorphism has the
same property in the sense of our previous definition.

Lemma 3.33.

(1) Every monomorphism of schemes (in particular: every immersion) is
formally unramified.

(2) Let A — B — C be ring homomorphisms such that A — B is formally
unramified. Then we can naturally identify Qc/a = Qcyp-

Definition 3.34. Let X — Y be a morphism of schemes, and let .# be
an Ox-module. A derivation D: Ox — M is a homomorphism of abelian
sheaves such that for all open subsets U C X, V CY with f(U) CV, the
map O(U) — A4 (U) is an Oy (V)-derivation.

Equivalently, D: Ox — # is a homomorphism of f~1(Oy)-modules such
that for every open U C X, the Leibniz rule

D(U)(bY) = bD(U)(¥) + ¥ DU (),  Vb,b € D(U, Ox)

holds.
We denote the set of all these derivations by Dery (Ox, #); itis a T'(X, Ox)-
module.
May 22,
2019

Definition/Proposition 3.35. Let f: X — Y be a morphism of schemes.

The following three definitions give the same result (up to unique isomor-

phism), called the sheaf of differentials of f or of X over Y, denoted Qx/y

— a quasi-coherent Ox-module together with a derivation dy;y: Ox —

QX/Y.

(i) There exists a unique Ox-module Qxy together with a derivationdx/y: Ox —
Qx/y such that for all affine open subsets Spec B = U C X, Spec A =
V CY with f(U) CV, Qx/y = ﬁ;//A and dxy|u is induced by dp;-

(i) Qxy = A*(F/ 7?), where A: X — X xy X is the diagonal mor-
phism, W C X xy X is open such that im(A) C W is closed (if f
is separated we can take W = X xy X ), and ¢ is the quasi-coherent
ideal defining the closed subscheme A(X) C W. The derivation dx y is
induced, on affine opens, by the map b—1b—b® 1.

(iii) The quasi-coherent Ox-module Qxy together with dx/y is character-
ized by the universal property that composition with dx y induces bijec-
tions

HOmﬁX (QX/Ya %) :> Dery(ﬁx, %)
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for every quasi-coherent Ox-module A , functorially in A .

The properties we proved for modules of differentials can be translated
into statements for sheaves of differentials:

Proposition 3.36. Let f: X =Y, g: Y' — Y be morphisms of schemes,
and let X' = X xy Y’. Denote by ¢': X' — X the base change of g. There
is a natural isomorphism Qx/ jy1 = (g’)*QX/y, compatible with the universal
derivations.

Proposition 3.37. Let f: X =Y, g: Y — Z be morphisms of schemes.
Then there is an exact sequence
f*QY/Z — QX/Z — Qx/y —0
of Ox-modules. If f is formally smooth, then the sequence
0— f*QY/Z — QX/Z — Qx/y —0
s exact and splits locally on X .
Proposition 3.38. Leti: Z — X be a closed immersion with correspond-

ing tdeal sheaf 7 C Ox, and let g: X —'Y be a scheme morphism. Then
there is an exact sequence

(I I?) =i Oxy = Qgzpy =0
of Oz-modules. If Z is formally smooth over Y, then the sequence

is exact and splits locally on Z.

Proposition 3.39. Let K be a field, and let X be a k-scheme of finite
type. Let v € X (k). Then we have an isomorphism T, X = Qx /() between
the Zariski tangent space at x and the fiber of the sheaf of differentials of
X/k at x.

(3.9) Sheaves of differentials and smoothness.

We start by slightly rephrasing the definition of a smooth morphism.

Definition 3.40. A morphism f: X — Y of schemes is called smooth of
relative dimension d > 0 in x € X, if there exist affine open neighborhoods
UCX ofx andV =SpecR CY of f(x) such that f(U) CV and an open
immersion j' U — Spec R[T4, ..., T,)(f1,.-., fn—d) such that the triangle

U \‘—> SpeCR Tl, cey Tn](fl, ey fn,d)
18 commutatwe, and that the images of dfy, ..., df,_q in the fiber Q}&E/R(@

k(x) are linearly independent over k(x). (We view x as a point of A}, via
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the embedding U — Spec R[Th, ..., Tu|(f1,-- -, fn—d) = Spec R[Th,...,T,] =
A%.)

Proposition 3.41. Let f: X — S be smooth of relative dimension at x €
X. Then there exists an open neighborhood U of x such that the restriction

Qx/viu(= Quyy) is free of rank d.

Theorem 3.42. Let k be an algebraically closed field, and let X be an
irreducible k-scheme of finite type. Let d = dim X. Then X is smooth over
k if and only if Qx . is locally free of rank d.

Proposition 3.43. Let f: X — S be smooth of relative dimension d
at © € X. Then there exists an open neighborhood U of x such that the
restriction U — S of f to U is formally smooth.

Theorem 3.44. Let f: X — Y be a morphism locally of finite presentation
(e.g., if Y is noetherian and f is locally of finite type). Then f is smooth if
and only if f is formally smooth.

We skip the proof that smoothness implies formal smoothness, see for
instance [Bo] Ch. 8.5. (But cf. the previous proposition which shows that a
smooth morphism is at least “locally formally smooth”.)

Projective schemes.

References: |[GW], Ch. 8, Ch. 11, in particular Example 11.43, (8.5); [H]
1.6, 1L.7.

(3.10) Line bundles on P}.

Let R be a ring. We cover P} by the standard charts U; := D, (T;),
as usual, and write U;; := U; N U;. For d € Z, the elements (T;/T;)¢ €
I'(Uij, Opr)* define isomorphisms Oy, y,, — Oy,ju,, which give rise to a
gluing datum of the Oy,-modules Op,. By gluing of sheaves, we obtain a
line bundle Opn (d). (Cf. Problems 9, 10.)

Lemma 3.45. We obtain a group homomorphism Z — Pic(P}), d — O(d).

Proposition 3.46.  Writing R[Ty,...,T,]q for the submodule of homo-
geneous polynomials of degree d (with R[Ty,...,Ty]qa = 0 for d < 0), we
have

L(Pk, 0(d)) = R[To, - .., Tula
for alld € Z.

Now let R = k be a field.
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The closed subscheme V, (7Tp) is a Weil divisor on P}, and it corresponds
to the Cartier divisor (U;, To/T;);. The corresponding line bundle is &'(1).
By passing to multiples/negatives of this divisor, we can describe all &'(d)
in a similar way.

Remark 3.47. One can show that every locally free ﬁp}c -module is iso-

morphic to a direct sum of line bundles. Note though that this statement is
not true for P}, n > 1.

Proposition 3.48. Let A be a unique factorization domain, and let Z =
V(p) C Spec A a closed irreducible subset of codimension 1, i.e., p # 0 is a
prime tdeal which is minimal among all non-zero prime ideals. Then p is a
principal ideal, 1.e., considering Z as a Weil divisor, it is principal.

Corollary 3.49. Let k be a field, and let Z C A be an integral closed
subscheme of codimension 1. Then Z =V (f) for some polynomial f.

Proposition 3.50. Let k be a field, and let Z C P} be an integral closed
subscheme of codimension 1. Then Z = V. (f) for some homogeneous poly-
nomial f.

Proposition 3.51. The above homomorphism Z — Pic(P}), d — O(d), is
an isomorphism.
Proposition 3.52. Let R be a ring. We have a short exact sequence

0= Qpn /g — O(=1)" = 0" =0

of Ox-modules.

(3.11) Functorial description of P".

As we have seen last term, every scheme X defines a contravariant functor
T +— X(T') := Homgey) (T, X) from the category of schemes to the category
of sets. This functor determines X up to unique isomorphism. In this
section, we want to describe the functor attached in this way to projective
space [P for R a ring.

Proposition 3.53. Let R be a ring, and let S be an R-scheme. There is
a bijection, functorial in S,
PR(S) ={(Z,a); £ a line bundle on S,
a: O — £ a surjectiveCg-module homom.}/ =

Here we consider pairs (£, ), (£',d') as isomorphic, if there exists an
Os-module isomorphism $: L — L' with o = o' o 3.

Note that a homomorphism «: ﬁg“ — £ corresponds to n + 1 global
sections in I'(S,.%) (the “images of the standard basis vectors”). Thus
To, ..., T, € I(P}, 0(1)) give rise to a (surjective) homomorphism ﬁﬂﬁgl —

June 3,
2019

June 5,
2019
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0(1). Given a morphism S — P%, we can pull this homomorphism back
to S and obtain an element of the right hand side in the statement of the
proposition.

Conversely, given a pair (., «) on S, we can think of the corresponding
morphism S — P% in terms of homogeneous coordinates (i.e., for K-valued
points for some field K), as follows: Denote by fo, = f,, € T'(S,.%) the global
sections corresponding to a. For a point x € S, the fiber Z(x) is a one-
dimensional k(x)-vector space generated by the elements fo(z),..., fn(z)
(i.e., at least one of them ins # 0 — this holds since « is surjective). We
choose an isomorphism .Z(z) = k(x), and hence can view the f;(z) as
elements of x(x). Then the morphism S — P¢ maps z to (fo(x) : --- :
fn(z)) € P*(k(x)). While the individual f;(x), as elements of x(x), depend
on the choice of isomorphism Z(z) = k(z), the point (fo(z) : -+ : fu(x)) €
P"(k(z)) is independent of this choice.

(3.12) The Proj construction.

Reference: [GW] Ch. 13.

Definition 3.54.

(1) A graded ring is a ring A with a decomposition A = @~ Aq as abelian
groups such that Ag - Ae C Agye for all d,e. The elements of Ag are
called homogeneous of degree d.

(2) Let R be a ring. A graded R-algebra is a graded ring A together with a
ring homomorphism R — A.

(3) A homomorphism A — B of graded rings (or graded R-algebras) is a
ring homomorphism (or R-algebra homomorphism, respectively) f: A —
B such that f(Aq) C By for all d.

(4) Let A be a graded ring. A graded A-module is an A-module M with
a decomposition M = @, ., Mg such that Ag - M. € Mgy for all d,e.
The elements of My are called homogeneous of degree d.

(5) A homomorphism M — N of graded A-modules is an A-module homo-
morphism f: M — N such that f(Mg) C Ny for all d.

(6) Let A be a graded ring and let M be a graded A-module. A homogeneous
submodule of M is a submodule N € M such that N = @ c,(N N Mjg).
In this way, N is itself a graded A-module and the inclusion N — M is
a homomorphism of graded A-modules. (And conversely, every injective
homomorphism of graded A-modules has a homogeneous submodule as
its image.) A homogeneous submodule of A is called a homogeneous
ideal.

Example 3.55. Let R be a ring. Then the polynomial ring R[Tp, ..., T;]
is a graded R-algebra if we set R[Ty,...,T,]q to be the R-submodule of
homogeneous polynomials of degree d.

We now fix a graded ring A.
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For a homogeneous element f € A., and a graded A-module M, the
localization M is a graded A-module via

m
Myq= {F; m € Mayei}-

Applying this to A as an A-module, we obtain a grading on Ay giving A,
the structure of a graded ring. Then My is a graded Ay-module.
We define

M(f) = Mﬁo,
the degree 0 part of My. Then Ay is a ring and My is an A(p-module.
Example 3.56. Let R be a ring. Then

R[Tp, ..., Tn)r) = R

Definition 3.57. We write A := @ . Aq, an ideal of A. A homogeneous
prime ideal p C A is called relevant if AL € p.

Definition 3.58. We denote by Proj(A) the set of all relevant homogeneous
prime ideals of A. We equip Proj(A) with the Zariski topology, by saying
that the closed subsets are the subsets of the form

Vi (1) = {p € Proj(A); I Cp}.
for homogeneous ideals I C A.

For a homogeneous element f, we write D4 (f) := Proj(A) \ V4 (f).

Lemma 3.59. Let f € A be a homogeneous element. Then the map

D+(f) — Spec A(f), p— (pAf) N A(f)

18 a homeomorphism.

Proposition 3.60. There is a unique sheaf € of rings on Proj(A) such
that

(D4 (f), 0) = Ay
for every homogeneous element f € A and with restriction maps given by
the canonical maps between the localizations. The ringed space (Proj(A), 0)
is a separated scheme which we again denote by Proj(A).

June 17,

Definition 3.61. Let R be a ring, and let X be an R-scheme. We say that 2019
X is projective over R (or that the morphism X — Spec R is projective),
if there exist n > 0 and a closed immersion X — P of R-schemes.

Theorem 3.62. Let R be a ring, and let X be a projective R-scheme.
Then X s proper over R.
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(3.13) Quasi-coherent modules on Proj(A).

Let A be a graded ring, X = Proj A. If M is a graded A-module, there is
a unique sheaf M of &x-modules such that

T(D(f), M) = M)

for every homogeneous element f € A, and such that the restriction maps

for inclusions of the form D, (g) € D (f) are given by the natural maps

between the localizations. This sheaf is a quasi-coherent &'x-module.

Example 3.63. Let A(n) be the graded A-module defined by A(n) =

DBucz Anvra- We set Ox(n) = A(n). If A= R[Ty,...,T,] for a ring R, so

that X = P, then this notation is consistent with our previous definition.
For f € Ay, multiplication by f* defines an isomorphism

Ox\p,(f) = Ox(n)|p, (f)-

In particular, if A is generated as an Ag-algebra by Aj, then Ox(n) is a
line bundle.

Assume, for the remainder of this section, that A is generated as an Ag-
algebra by A1. So X = J;ca, D+(f), and Ox(n) is a line bundle.

For an Ox-module .7, write .# (n) := % Qg, Ox(n), and define a graded
A-module ', (%) by

I.(7)=PTr(X, Z(n)).
nez

Lemma 3.64. For a graded A-module M, there is a natural map M —

I.(M). For an Ox-module F, there is a natural map Uw(F) — F. If F
is quasi-coherent, then the latter map is an isomorphism.

Call a graded A-module M saturated, if the map M — T'.(M) is an
isomorphism.

Proposition 3.65. The functors M — M and F — [W(F) define an
equivalence of categories between the category of saturated graded A-modules
and the category of quasi-coherent Ox-modules.

4. COHOMOLOGY OF O'x-MODULES
General references: [Wel, [HS], |Gz], [KS].

4.1. The formalism of derived functors.

(4.1) Complexes in abelian categories.

Reference: [We| Ch. 1.
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Let A be an abelian category (e.g., the category of abelian groups, the
category of R-modules for a ring R, the category of abelian sheaves on a
topological space X, the category of &'x-modules on a ringed space X, or
the category of quasi-coherent ¢'x-modules on a scheme X).

A complez in A is a sequence of morphisms

oAl 4 il AT i

in A (i € Z), such that d“*! o d® = 0 for every i € Z. The maps d’ are
called the differentials of the complex.

Given complexes A®, B®, a morphism A® — B® of complexes is a family
of morphisms f*: A® — B such that the f* commute with the differentials
of A® and B* in the obvious way. With this notion of morphisms, we obtain
the category C(A) of complexes in A. This is an abelian category (kernels,
images, . ..are formed degree-wise); see [We] Thm. 1.2.3.

Definition 4.1. Let A® be a complex in A. For i € Z, we call
h'(A®) := Ker(d")/im(d"~ 1)

the i-th cohomology object of A®. We obtain functors hi: C(A) — A.
We say that A® is exact at i, if h'(A®) = 0. We say that A® is exact, if
h*(A®) =0 for all i.

Remark 4.2. Let 0 - A®* — B* — (C'* — 0 be a sequence of morphisms
of complexes. The sequence is exact (in the sense that at each point the

kernel and image in the category C(A) coincide) if and only if for every i,
the sequence 0 -+ A* - B* — (" — 0 is exact.

Proposition 4.3. Let 0 - A®* — B®* — C°® — 0 be an ezxact sequence
of complexes in A. Then there are maps 6': h*(C*®) — hiT1(A®) (called
boundary maps) such that, together with the maps induced by functoriality
of the h', we obtain the long exact cohomology sequence

< hY(A®) = hY(B®*) — h{(C*) = hTL(A®) — ... .
Reference: [We] Thm. 1.3.1.

We need a criterion which ensures that two morphisms between complexes
induce the same maps on all cohomology objects. Reference: [We] 1.4.

Definition 4.4. Let f,g: A* — B® be morphisms of complezes. We say
that f and g are homotopic, if there exists a family of maps k*: A* — B~
1 € Z, such that

f—g=dk+ kd,
which we use as short-hand notation for saying that for every i,
fi—gt = dgl okl + ko df4.

In this case we write f ~ g. The family (k'); is called a homotopy.
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Proposition 4.5. Let f,g: A* — B® be morphisms of complezes which
are homotopic. Then for every i, the maps h'(A®) — h*(B®) induced by f
and g are equal.

In particular, if A® is a complex such that id4e ~ 0, then hi(A®) = 0 for
all 4, i.e., A® is exact.

Definition 4.6. Let A® and B® be complexes. We say that A® and B® are
homotopy equivalent, if there exist morphisms f: A®* — B® and g: B® — A®
of complexes such that go f ~idg and fog ~ idg. In this case, f and g
induce isomorphisms hi(A®) = h'(B®) for all i.

(4.2) Left exact functors.

Let A, B be abelian categories. All functors F': A — B that we con-
sider are assumed to be additive, i.e., they induce group homomorphisms
Hom 4 (A, A") — Homp(F(A), F(A")) for all A, A" in A.

Definition 4.7. A (covariant) functor F: A — B is called left exact, if
for every short exact sequence 0 — A" — A — A” — 0 in A, the sequence

0— F(A") — F(A) —» F(A")
18 exact.

Definition 4.8. A contravariant functor F': A — B is called left exact if
for every short exact sequence 0 — A" — A — A” — 0 in A, the sequence

0— F(A”) — F(A) — F(A')
18 exact.

Similarly, we have the notion of right exact functor. A functor which is left
exact and right exact (and hence preserves exactness of arbitrary sequences)
is called exact.

Let Ay € A. Then the functors A — Homy (A, Ag) and A — Hom 4 (A, A)
are left exact.

(4.3) é-functors.

Reference: [We] 2.1.
Let A, B be abelian categories.

Definition 4.9. A §-functor from A to B is a family (T*);>o of functors
A — B together with morphisms 6': T*(A") — T**Y(A’) (called boundary
morphisms) for every short exact sequence 0 — A" - A — A" — 0 in A,
such that the sequence

0—T%A) - T%A) - 1%A4") - T(A) = -
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is exact, and such that the §' are compatible with morphisms of short exact
sequences in the obvious way.

Definition 4.10. A 6-functor (T%); from A to B is called universal, if for
every 6-functor (SV); and every morphism f0: T° — SO of functors, there
exist unique morphisms f': T — S* of functors for al i > 0, such that the
ft, i >0 are compatible with the boundary maps 6° of the two &-functors for
each short exact sequence in A.

The definition implies that given a (left exact) functor F', any two universal
d-functors (T%);, (T""); with T° = T"° = F are isomorphic (in the obvious
sense) via a unique isomorphism.

Definition 4.11. A functor F': A — B is called effaceable, if for every X
in A there exists a monomorphism v: X — A with F (1) = 0.

A particular case is the situation where each X admits a monomorphism
to an object I with F(I) = 0.

Proposition 4.12. Let (T%); be a d-functor from A to B such that for every
i >0, the functor T" is effaceable. Then (T"); is a universal 0-functor.
Reference: [We| Thm. 2.4.7, Ex. 2.4.5.

(4.4) Injective objects.

Let A be an abelian category.

Definition 4.13. An object I in A is called injective, if the functor X —
Homy (X, I) is exact.

If I is injective, then every short exact sequence 0 — I — A — A” — 0 in
A splits. Conversely, if I is an object such that every short exact sequence
0—1—A— A” — 0 splits, then I is injective.

Definition 4.14. Let X € A. An injective resolution of X is an ezxact
sequence
0=-X =101 17—

in A, where every I' is injective.

Definition 4.15. We say that the category A has enough injectives if
for every object X there exists a monomorphism X — I from X into an
injective object 1. Equivalently: Every object has an injective resolution.

The categories of abelian groups, of R-modules for a ring R, of abelian
sheaves on a topological space, and more generally of &'x-modules on a
ringed space X all have enough injective objects.

Dually, we have the notion of projective object (i.e., P such that Hom 4 (P, —)
is exact), of projective resolution --- — P, — Py — A — 0, and of abelian
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categories with enough projective objects. For a ring R, the category of R-
modules clearly has enough projectives, since every free module is projective,
and every module admits an epimorphism from a free module. Categories
of sheaves of abelian groups or @x-modules typically do not have enough
projectives.

(4.5) Right derived functors.

Theorem 4.16. Let F': A — B be a left exact functor, and assume that A
has enough injectives.
For each A € A, fix an injective resolution 0 — A — I°, and define

R'F(A) = h'(F(I*)), i>0,

where F(I®) denotes the complex obtained by applying the functor to all I*

and to the differentials of the complex I°ullet. Then:

(1) The R'F are additive functors A — B, and R'F X is independent of the
choice of injective resolution of X up to natural isomorphism.

(2) We have an isomorphism F = ROF of functors.

(3) For I injective, we have R'FI =0 for all i > 0.

(4) The family (R'F); is a universal &-functor.

We call the R'F the right derived functors of F.

Definition 4.17. Let F' be a left exact functor as above. We say that an
object A € A is F-acyclic, if R"F(A) =0 for all i > 0.

Definition 4.18. Let I be a left exact functor as above, and let A € A.
An F-acyclic resolution of A is an ezact sequence 0 — A — JO = Jt— ...
where all J* are F-acyclic.

Proposition 4.19. Let F be a left exact functor as above, and let A € A.
Let 0 - A = J° = J' — ... be an F-acyclic resolution. Then we have
natural isomorphisms R'F(A) = h'(F(J*®)), i.e., we can compute R'F(A)
by an F-acyclic resolution.

4.2. Cohomology of sheaves.
General reference: [H] Ch. III, [Stacks] Ch. 20, 29.

(4.6) Cohomology groups.

Let X be a topological space. Denote by (Abyx) the category of abelian
sheaves (i.e., sheaves of abelian groups) on X. We have the global section
functor

I: (Aby) — (Ab), Z — I(X,7),
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to the category of abelian groups. This is a left exact functor, and we
denote its right derived functors by H*(X,—). We call H'(X,.%) the i-th
cohomology group of X with coefficients in %.

Example 4.20. For a field k, H' (P}, 0(—2)) # 0.

(4.7) Flasque sheaves.

Definition 4.21. Let X be a topological space. A sheaf F on X is called
flasque (or flabby), if all restriction maps F#(U) — F(V) for V. CU C X
open are surjective.

Lemma 4.22. Let X be a ringed space. Let F be an injective object in
the category of Ox-modules. Then % is flasque.

Proposition 4.23. Let X be a topological space, and let F be a flasque
abelian sheaf on X. Then % is I'-acyclic, i.e., H'(X, #) =0 for all i > 0.

Corollary 4.24. Let X be a ringed space. The right derived functors of
the global section functor from the category of Ox-modules to the category
of abelian groups can naturally be identified with H' (X, —).

It follows that for an Ox-module F the cohomology groups H'(X,.F)
carry a natural T'(X, Ox)-module structure.

(4.8) Grothendieck vanishing.

Reference: [H] III.2.

Lemma 4.25. Let X be a topological space, and let v:'Y — X be the
inclusion of a closed subset Y of X. Let # be an abelian sheaf on X. Then
there are natural isomorphisms

HYY,F)=H'(X,1.F), i>0.

Theorem 4.26. (Grothendieck) Let X be a noetherian topological space
(i.e., the descending chain condition holds for closed subsets of X ), let n =
dim X, and let F be a sheaf of abelian groups on X. Then

H{(X,Z)=0 foralli>n.

4.3. Cech cohomology.
Reference: [H] II1.4, [Stacks| 01ED (and following sections); a classical
reference is [Go].

July 1,
2019

July 3,
2019



30 ULRICH GORTZ

(4.9) Cech cohomology groups.

Let X be a topological space, and let .# be an abelian sheaf on X. (The
definitions below can be made more generally for presheaves.)

Let % = (U;);er be an open cover of X. We fix a total order of the index
set I (but see below for a sketch that the results are independent of this).
For ig,...,ip € I, we write Uy, 4, := N_oUi,-

We define

crw,F)= |] TWi..i,7)
1< <ip

and

p+1
. 1 Y
d: CY(U,F) = CP* U, F), (si)ir (Z(_l) Sio--@-~~iPIUi> ’

v=0

7
where ~ indicates that the corresponding index is omitted. One checks that

dod =0, so we obtain a complex, the so-called Cech complex for the cover
U with coefficients in .

Definition 4.27. The Cech cohomology groups for % with coefficients in
F are defined as

0P (%, F) = WP (C* (%, F)), p>0.

Since .Z is a sheaf, we have H)(%,#) =T'(X,#) = H (X, .%).

(4.10) The “full” Cech complex.

Instead of the “alternating” (or “ordered”) Cech complex as above, we can
also consider the “full” Cech complex

C?(%,y) = H F(Uio...ipaj%
10,eenslp

with differentials defined by the same formula as above. Then the projec-
tion C’}(% ,F) — C*(%,.F) is a homotopy equivalence, with “homotopy
inverse” given by

(si)i = (o),

where t; = 0 whenever two entries in the multi-index 7 coincide, and oth-
erwise t; = sgn(o)s,(;), where o is the permutation such that o(i) is in
increasing order.

In particular, we have natural isomorphisms between the cohomology
groups of the two complexes. So we also see that the Cech cohomology

groups as defined above are independent of the choice of order on I.

(4.11) Passing to refinements.



ALGEBRAIC GEOMETRY 2, SS 19 31

Definition 4.28. A refinement of a cover % = (U;); of X is a cover ¥V =
(Vi)jes (with J totally ordered) together with a map \: J — I respecting the
orders on I and J such that V; C Uy for every j € J.

Given a refinement ¥ of %, one obtains a natural map (using restriction
of sections to smaller open subsets)

0P (U, F) — HY(V, 7).

We can pass to the colimit over all these maps given by refinements, and
define

HP (X, F) := co%/imf[p(%,ﬁ),
the p-th Cech cohomology group of X with coefficients in F.

Proposition 4.29. Let0 — F' — % — F" — 0 be a short exact sequence
of abelian sheaves on X . Then there exists a homomorphism §: T'(X, #") —
HY (X, .Z) such that the sequence

0 5T(X, F) = T(X,.7) - T(X, ")
—HYX,.7') - HY(X,.7) - H (X, F")

is exact. (But note that the sequence does not continue after H (X, F").)

(4.12) A sheaf version of the Cech complex.

We define a sheaf version of the Cech complex as follows:

CP (U, F) = H Jix(Fu,),
i=(ip< - <ip)

with differentials defined by (basically) the same formula as above. Here j;
denotes the inclusion U; — X.

We have a natural map .# — €°(%,.%), which on an open V is given by
s = (sju,nv )i-
Proposition 4.30. The sequence 0 — % — €U, F) = € (U, F) —

- 18 exact.

Proposition 4.31. If F is flasque, then all CP(U,F) are flasque, and
HP(%,%) =0 for allp > 0.

Proposition 4.32.  For every i, there is a natural map H U, F) —
H'(X,%). These maps are compatible with refinements, so we obtain a
natural map H'(X, #) — H'(X,.#). These maps are functorial in .F.

Proposition 4.33. Fori = 0,1, the natural map H'(X,.F) — H (X, .F)
is an isomorphism.

July 8,
2019
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(4.13) Vanishing of cohomology of quasi-coherent sheaves on affine
schemes.

Theorem 4.34. Let X be an affine scheme, and let & be a quasi-coherent
Ox-module. Then H'(X,.%#) =0 for all i > 0.

From this theorem, if follows immediately (using the above results) that
HY(X,.7) =0 for X affine and .# quasi-coherent. In particular, the global
section functor on X preserves exactness of every short exact sequence where
the left hand term is a quasi-coherent &'x-module. But more is true:

Theorem 4.35. Let X be an affine scheme, and let F be a quasi-coherent
Ox-module. Then H*(X,.#) =0 for all i > 0.

This follows from the above using Cartan’s Theorem (see e.g., [Go] II
Thm. 5.9.2, [Stacks] 01E0):

Theorem 4.36. Let X be a ringed space, and let P be a basis of the

topology of X which is stable under finite intersections. Let F be an Ox -

module. Assume that H'(U,.Z) = 0 for alli > 0. Then

(1) we have HY(U,.#) =0 for all i > 0,

(2) The natural homomorphisms H\(% ,.F) — H'(X,.F) are isomorphisms
for all i > 0 and all covers % of X consisting of elements of 4.

(3) The natural homomorphisms H (X, F) — H'(X,.Z) are isomorphisms
for allv > 0.

For X noetherian, there is another approach which relies on the following
result (see [H| III1.3):

Proposition 4.37. Let A be a noetherian ring, X = Spec A, and let I be
an injective A-module. Then I is a flasque Ox-module.

From either approach, we also obtain the following consequence (of course,
the second approach again works only in the noetherian situation):

Theorem 4.38. Let X be a separated scheme, and let % be a cover of
X by affine open subschemes. Let F be a quasi-coherent Ox-module. Then
the natural homomorphisms H'(% ,.%) — H'(X,.#) are isomorphisms for
all 1 > 0.

Corollary 4.39. Let X be a separated scheme which can be covered by
n+ 1 affine open subschemes. Then H'(X,.%) = 0 for every quasi-coherent
Ox-module F and every i > n.

(4.14) The cohomology of line bundles on projective space.

References: [H] IIL5, [Stacks| 01XS.
Using Cech cohomology, we can compute the cohomology of line bundles
on projective space. It is best to aggregate the results for all &(d), as we
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have already seen for their global sections, a result which we repeat as the
first statement below.

Theorem 4.40. Let A be a noetherian ring, n > 1, S = [Ty, ..., Ty),
X =Proj(S) =P. Then
(1) There is a natural isomorphism S = @, H(X, 0(d)).
(2) Fori+#0,n and all d € Z we have H'(X, 0(d)) = 0.
(3) There is a natural isomorphism H"(X,0(—n — 1)) = A.
(4) For every r, there is a perfect pairing
HY(X,0(r)) x H(X,0(—r —n —1)) = H*(X,0(—n — 1)) = A,
i.e., a bilinear map which induces isomorphisms
HO(X7 ﬁ(T’)) = Hn(X7 ﬁ(_r —n- 1))\/
and
HYX,0(r) = HY(X,0(—r —n — 1))
(where —Yee = Hom4(—, A) denotes the A-module dual).

(4.15) Finiteness of cohomology of coherent ¢x-modules on pro-
jective schemes.

Definition 4.41. Let X be a noetherian scheme. An Ox-module F 1is
called coherent, if it is quasi-coherent and of finite type.

Let A be a noetherian ring.

Lemma 4.42. Let X = P7, and let ¥ be a coherent Ox-module. Then
there exist integers dy, . ..,ds and a surjective Ox-module homomorphism

é o(d;) - F.
i=1

Theorem 4.43. Let X be a projective A—scheme, and let F be a coherent
Ox-module. Then for alli > 0, the A-module H* (X, %) is finitely generated.

At this point it is not hard to prove that higher derived images R’ f,.Z of
a coherent 0x-module under a projective morphism f: X — Y are coherent
(see [H] IIL.8).

(4.16) The Theorem of Riemann—Roch revisited.

Reference: [H] II1.7, IV.1.

Recall the Theorem of Riemann-Roch that we stated above (Thm. [2.9).
In this section, we prove a preliminary version, which also gives a more
conceptual view on the “error term” dim I'(X, &(K — D)) (with notation as
above).

Let k be an algebraically closed field.
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Definition 4.44. Let X be a projective k-scheme, and let F be a coherent
Ox-module. We call

X(F) = (~1) dimy, H (X, F)
i>0

the Euler characteristic of .7 .

Note that the sum is finite (by the Grothendieck vanishing theorem, The-
orem and that each term is finite by the results of the previous section.

Now let X/k be a smooth, projective, connected curve. Then x(.#) =
dimy, HY(X, .#) — dim, H'(X, 7).

The following theorem is the preliminary version of the Theorem of Riemann—
Roch mentioned above.

Theorem 4.45. Let £ be a line bundle on X. Then
X(&) = deg(Z) + x(Ox).

Now we can define the genus of X as g := 1 — x(Ox) = dim;, H(X, Ox),
and choose for K a divisor with 0(K) = Qﬁ(/k.
From the above, we immediately get
Corollary 4.46. (Theorem of Riemann) Let .Z be a line bundle on X.
Then

dimy H(X,.Z) > deg(L) +1 — g.

Furthermore, the Theorem of Riemann—Roch will follow from the Serre
duality theorem (which will be discussed in the sequel to this course, Alge-
braic Geometry 3).

Theorem 4.47. (Serre duality) Let X be a smooth projective curve as
above. For every line bundle £ on X, there is a natural isomorphism

HY(X,2)= H'(X, 27" @0k ,)"
of k-vector spaces (where —V denotes the dual k-vector space).

A similar statement holds for every locally free sheaf . (and the theorem
can be vastly further generalized).
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